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Count time serie example
Monthly number of poliomyelitis cases in the United States from 1970 to 1983
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Standard models of count times series

Standard Poisson INGARCH models assume Y; | %,_1 ~ 22(A;)
with

q )4
Ae=wo+ ) aoiYi—i+)_ Pojli—j
i1 =1

and %,_; =0 (Y,,u<1). One can also consider other conditional
distributions, in particular the Negative Binomial INGARCH
model.

The (first order) INAR model assumes

Y, = B(Y;_1,a) + integer-valued distribution.
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Models for positive times series

When (Y;) is valued in [0,00), an ARMA-type model
Yl‘ = /"t + 6,,

where A, =E(Y;|Y,,u<t and (¢,) is a white noise, is not
convenient (it is difficult to impose Y; = 0).

Engle and Russell (1998) proposed the Autoregressive
Conditional Duration (ACD) model

Yy =Mz,

where (z,) iid positive with Ez; = 1.
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Limitations of the multiplicative ACD form

The Multiplicative Error Model (MEM) form
Y =Nz,
where A, € #;_1 =a(Y,,u<1, with
z; and A, independent,

is generally impossible when Y; is valued in N. Even for
durations (or volumes or any positive time series), the MEM
structure is restritive. For instance, it implies that

Var(Yt | gt—l) X A?
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Extended count and ACD models Stationarity and ergodicity
Existence of moments and mixing
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Framework of the present paper

Let positive exogenous variables X; = (x1,...,x,), the
information set #,_1 =0 (Y,,, X, u<?).

We relax the multiplicative structure (necessary for count time
series), and assume that the condition distribution depends on
a parametric time-varying conditional mean

A‘l‘(e()) ::E(Ytlgl‘—l):/’L(Yu)Xu’u<t;60)) te”.

For instance

q 14 r
0)=w+ Z a;Y—i+ Z BjAi—j+ Z TiXif—1,
i=1 =1 i=1

with

0= (w,al,...,ﬂq,nl,...,n,)e [0,00", m=p+qg+r+]l.
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First objective

We want conditions for stationarity and ergodicity.

The main difficulty is that, contrary to standard time series
models,

m there exists no explicit solution Y; =f(0¢,zs,z¢-1,...);

m the theory of the Markov chains with continuous state
space does not apply.
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Few references

m Ferland, Latour and Oraichi (2006) for Poisson-INGARCH;

m Neumann (2011) for absolute regularity of nonlinear
Poisson autoregressions, and Doukhan and Neumann
(2017) for a broader class;

m Franke (2010) and Doukhan, Fokianos and Tjostheim
(2012, 2013) for weak dependence of nonlinear Poisson;

m Douc, Doukhan and Moulines (2013), Douc, Roueff and
Sim (2015, 2016) and Sim, Douc and Roueff (2016) for
observation-driven Markov processes;

m Goncalves, Mendes-Lopes and Silva (2015) for stationarity
and ergodicity of compound Poissont INGARCH,;

m Davis and Liu (2016) for stationarity and mixing when the
conditional distribution belongs to the one-parameter
exponential family.
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Methodology

m Davis and Liu (2016) builds explicit solutions as limits of
functions of quantiles of an iid sequence;
m We adopt the same strategy, but
» the conditional distribution is not restricted to the
one-parameter exponential family;

» the dynamics of the conditional mean is more general;
» exogenous variables are allowed.
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Central assumption

Stochastic-equal-mean order property

Let F, be a family of cdf indexed by the mean A = [ydF,(y) € R.
Assume that the stochastic order is equal to the mean order:

AsA* = Fp0)=F-(y), VyeR.
Equivalently,
A<t > F/{(M)SFZ*(M), Yue,1).

where F} is the quantile function of cdf F.
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Examples of cdf with stochastic-equal-mean order

m any distribution belonging to the one-parameter linear
exponential family

g1 () = h(y) exp {ny—Am} Ly=o}

for some scalar natural parameter n =n(1);
m Negative Binomial NB(r,p)

I'k+r) ,

PY=b="2r0 P

(1 —p)k, keN,

when r=pA/(1-p)) and p is fixed;
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Examples of stochastic-equal-mean order (continued)

m Gamma distributions: for fixed a
» T'(a,al/A) belongs to the exponential family;
» T'(aA,a) also satisfies the property, but does not belong to
the exponential family.
Remark: an ACD cannot have the distribution
Y| %_1 ~T(al,,a), because Var(Y; | %,_1) = A;/a.
m any zero-inflated version of a cdf satisfying the
stochastic-equal-mean order property:

PY=sy=1+(0-1)F,(), y=0.
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Stationarity and ergodicity in the INGARCH-X case

Stationarity condition

There exists a stationary (and ergodic) sequence (Y;) such that
EY; < oo and the conditional cdf satisfies stochastic-equal-mean
order property with mean

q )4 r
M=+ aiYii+) Bidij+ ) TiXis1,
i=1 j=1 i=1

where (X;) stationary and ergodic with E|X;| < oo, if and only if

q P
Zai+z,3j< 1.
=1 j=1

Note that the condition does not depend on 7.
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Moments in the INGARCH(1,1) case

Moment conditions

Let the previous assumptions with p=¢g =1 and r=0. Assume
that, for Y ~ F;(y) and some integer ¢ =2, there exist
nonnegative coefficients a;(0),a;(1),...,q;(j) for all j < ¢ such that

CJ ,
EY =) aj(dA forj=1,...,2.
i=0
We have EY! < co if and only if
¢

Za(j)(j)afﬁ"—k 1,

J=0

where a(0) =a(1) = 1 and a(j) = a;(j) for j = 2.
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Examples

m If Y, | F_1 ~NB(pA/(1-p),p) then Y, admits moments of
any order iffa+ B <1.

m If Y, | %,_1 ~NB(r,r/ (A +1)) then Y, admits a moment of

o2
order?2 iff (a+p)’+—<1,
r

2 3
3a (a+,B)+2i

order3 iff (a+p)°>+ —<1,
I
2 2 .3 4
orderd iff (a+pts 2 @HPT aUlarSh 00
r r
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Moment conditions for the INGARCH(1,1) process

with NB(1, p;) conditional distribution

Region of existence of E(Y), E(Y?), E(Y?) and E(Y*)

Aknouche, Francq Time series with equal conditional stochastic and mean orde



Extended count and ACD models Stationarity and ergodicity
Existence of moments and mixing
Testing the multiplicative form

Extension to nonlinear conditional means

The stationarity conditions are the same if
A[ = g(Yt—lr---)Yl‘—qyﬂ/t—ly---)ﬂ/l‘—p) +n(Xl—1)J
with

‘g(yl)---)yqvaly---:ap)_g(yl]r-'-)y;) l]yyﬂfllg)

q

P
<Y ailyi=yil+)_ BjlA = All.
i=1 j=1
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Absolute regularity coefficients

Let 28 be the Borel sigma-algebra of R*°, and let the f-mixing
coefficient

ﬁ(h)=Esup|P{(Yh,Yh+1,...)€A|Y(),Y_1,...}—P{(Yh,Yh+1,...)EA}|.
Ae%B

Under the previous assuptions (stochastic-equal-mean order
+Y a;+Bi< 1), andif ¥,(Q) =N,

By <Kp",  h=0.

for some K >0and p€ (0,1).
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Motivation for testing the MEM specification

Assuming
Y: = Mzs,
with A, = E(Y; | %,_) independent of z; is
m impossible when Y;(Q) =N (the support of z; depends on
M),

m restrictice when Y;(Q) = [0,00) (the shape of the conditional
distribution is time-constant);
» z; =Y/ A, and A, are always uncorrelated (when 2nd order
moments exist);
» z; and A, may be dependent (when the conditional density
of Y; given &,_; is not of the form f(-/A;)/A;).

= a test for nonlinear dependence
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Distance covariance
Székely et al. (2007), Rizzo and Székely (2016), Davis et al. (2018)

Based on observations Y;,...,Y,, the null
Hy: zand A, are independent,

is rejected for large values of

dCov? = f

where ¢, 1, ¢, and ¢, are respectively empirical estimators of
the characteristic functions of (z, 1), z; and A;, and the
weighting function w(z,s) is, for instance, proportional to r~2s72.
The distribution under the null is approximated by a bootstrap
procedure.

Do 1(6,5) = P(OPA ()| Wiz, 5)drds,
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S&P 500 transaction volume (3/10/2013 to 3/10/2018)

Testing the MEM structure of an ACD(2,2)

distance covariance test
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Bootstrap distribution and observed dCov (red cross)
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Greenhouse gas concentrations
GHG every 6 hours from May 10 to July 31, 2010, and empirical PACF
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Extended ACD model for the GHG series

The empirical PACF suggests an (extended) ACD(1,0) model.
Several zero-inflated conditional Gamma distributions have
been tried, leading to

M=w+aY,_y, Y| F-1~160+1-1)(A:0,b),

with maximum-likelihood estimates (MLE) @ = 0.0024, & = 0.834,
t=0.186 and b =245.2.

Remark: The main interest is often on the conditional mean,
but the MLE of the mean parameter may be sensitive to a
misspecification of the conditional distribution.
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Second objective

We want to estimate the mean parameter 6, but we want to be
totally agnostic about the conditional distribution of the
observations.

Indeed, there is no obvious choice for the conditional variance

v (o) :=Var(Y; | F-1) =v (Y, Xy u < t;&0).

In particular, for the Poisson conditional distribution we have
v; = A; but count time series often exhibit (conditional)
overdispersion.

We are thus interested in estimators that could be consistent
even if the conditional variance is misspecified.
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Existing misspecification-consistent estimators

Let 1,(0) = A(Y,—1,Xs1,..., Y1, X1, Yo, X0, ...; 0) for given initial
values Y, Xy, ...

Estimators based on the exponential family are generally
consistent, in particular the Poisson Quasi-MLE (PQMLE)

n o~ o~
Opour = argmax)_{Y;log(A; (0)) = A O},
t=1

or the Negative Binomial QMLE (NBQMLE)

A: (6)

—— | —-nrylo r+%(9),
r0+/1,(9)) ologiro+ A (0)}

n
HNBQML = argmaxz Yt log(
0eo ;5

studied by Ahmed and Francq (2016) and Aknouche,
Bendjeddou and Touche (2018) (without exogenous variables).
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More general QMLE and Estimating Functions QLE

A exponential family based QMLE satisfies

A _ ¢ Y- 46 04(6)
sn0) =0, S"(H)_,:Zl 50 06

where v,(0) is the conditional variance of a given member of the
exponential family (Wedderburn (1974) and Gouriéroux,
Monfort and Trognon (1984)).

With the more general concept of optimal estimating functions
of Godambe (1960, 1985), v,(6) may be a general conditional
variance.
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Motivations

PQMLE and NBQMLE are consistent for estimating 6, under
very mild regularity conditions, but they may be inefficient when
the conditional distribution is misspecified. Moreover, due to
positivity constraints, their asymptotic distributions are not
easily tractable when some coefficients are equal to zero.

The aim of this paper is to propose and study alternative
estimators which enjoy the same consistency property as the
QMLE’s when the conditional distribution is misspecified, but
have simpler asymptotic distributions when one or several
coefficients are null and gain in efficiency when v, is well
specified.
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Weighted LSE

Given a theoretical weight function w; =w(¥,_1,X,_1,...) >0 and
its observation-proxy

Wr = W(YI—I)XI—I '~-»Y1)Xl)?0)i()-~-) =w> 0»
let the weighted least square estimator (WLSE)

] =argminL, (0,W),
LWLS gGe@ n (0, W)

where

—

(Y- Me))

Wi

3

L,0,w = =Y1,0,w) with L0 w)=
t=1

The weighting sequence w = {w;},»; allows the WLSE to be
CAN without too strong moment conditions, and may reduce
the asymptotic variance of the estimator.
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Two-stage WLSE

It can be seen that the optimal choice of w is (proportional to) v.
Assuming an hypothetical conditional variance of the form

v (Yl‘—l)Xt—l)---;fg) = U;k (58)»
the optimal sequence of weights may be estimated by
{"/‘\’t,n},r Wl‘,}’l = U* (Yt—l)Xl—l! (LX) erXlr?OrXOv .. ré\n);

where &, is a first-step estimator of ¢o (which is often function of
the estimator 8, of 6y, and eventually of estimates of some
extra parameter ¢(). This leads to a two-stage WLSE, defined
by

§2WLS = arglgleigzn (9’ {Wt,n};) .
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Poisson-type 2WLSE

If a conditional variance approximately proportional to the
conditional mean is expected, one can employ the two-stage

estimator 8,y = 05, ¢ Where
(Y- 1 ©)° .
) = argmin —, W =1, (0 )
2WLS s tzl Pon tm =M (O1wes)
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NB-type 2WLSE

If the conditional variance is expected to be approximately
proportional to that of the NB(r, rl(r+A,), one can consider the

B)
two-stage estimator 92WL5 BZWLS where

~NB) (Y, -1, )’ A
92WLS = argmeléltzlw—m, wtn—/l, 1+7

with |

N W—L)_ X

r= - = » At: At(61WLS)-
(Z 2

Time series with equal conditional stochastic and mean orde
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Double-Poisson-type 2WLSE

If the conditional variance is expected to be inversely
proportional the conditional mean, as for the Double-Poisson,
one can also consider

FRC) o
Q%IVL)S = argmmZ—( t )’ Win = 1/A; (01wes).
e@ 1 Wt n
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INARCH-type conditional mean

Assume the AR/INARCH-type conditional mean
LO=0x,  x=(LY1,..Y,).
Example: The INAR model
Yi=apgoYi1+..+apoYp+é, teZ,

where {g;,t € 7} is an iid sequence of non-negative
integer-valued random variables with mean E (¢;) = wp > 0 and
the symbol o denotes the binomial thinning operator.
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One and two-stage WLSE

Explicit WLSEs

The WLSEs have explicit forms for estimating INARCH:

n AN Y,
Bruss = (Zu) §- Y
t=1

=1 Wt Wy

Similarly, we have the following explicit 2WLSE

-1
gp i XXt ) - Yo
QWLS = A 7

=1 xO1wrs | =1 xi01wis

-1

n ! n
AWNB) _ XXt Yix:
HZWLS Z a X,91WLS Z XzHIWLS
’—‘X91WLS(1+ ) 1= IXIQIWLS(1+ )

pUnv)  _
GZWLS

LMx

-1
n
X;GIWLSXIX;) Y x01wrsYix:.

t=1
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Assumptions for CAN of the WLS

Stationarity and ergodicity:
A1 Strict stationarity and ergodicity of {(Y;,X,),t € N}.

Regularity conditions on A,(-) and w,(-), moments conditions:
A2-A8

Boundary conditions:
A9 The true parameter 6, belongs to the interior of ©.
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Asymptotic distribution of the WLSE

CAN of the WLSE

Under the assumptions A1-A5,

Oiwis—60 as. as n—oo.

Under A1-A9, as n — co

Vi (@1wis — 0o) L ¥ 0,5 2 =J"" (00,10, w)J " (B, w).

04,(60)01,(6 1 4200097 @
I(HO;W) = E(;—?W), ](Ho,w) = E(; 1(609)69,;( o))
t
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Asymptotic distribution of the two-stage WLSE

Additional assumptions are needed because, contrary to wy,
W, IS NOt F,_1-measurable. B

Let ;) =v* (Yi1, Xi1,.., Yo, X 1,...;€), 50 that Wy, = 7 ().
When ¢, — ¢; and some additions assumptions hold

( ), the 2WLSE has the asymptotic distribution of
the WLSE with w; = vy (&{)).
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Asymptotic distribution of the 2WLSE

CAN of the 2WLSE

Under A1-A3, A4* and A5 B,y.5 — 0y a.S. as n — oo.
If in addition A6, A7*, A8* and A9 hold,

ViOawis—00) % N 0,2 T=J"" @0 w) B0, w) T G0, w).

Consistent estimators of J and I are

li 1 0A,@awrs) OXBawrs)
n= W, 00 a6' '

- 2~ PN
Xi = 1Oawis)} 0 (Oawrs) OA: (Oawrs)
2 a0 30"

)
Il

~)
Il
S| =
g
~—
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Two-step WLSE with minimum variance

Optimal 2WLSE

If in addition the conditional variance is well specified up to a
positive constant, that is ¢ = {o and v* () = ku(-) for some k>0,
then A6 can be replaced by A6* and

\/ﬁ(é\ZWLS—H())iJV(O,I_I) as n—oo.

Moreover the matrix = —I~! is positive semi-definite.

0A,(60)0A,(6
1:1(0())1}) = (’L}, t(aog) rt( O))

Aknouche, Francq Time series with equal conditional stochastic and mean orde



Definition
One and two-stage WLSE Asymptotic behavior
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Comparison with the PQMLE

Under A1-A3, assumptions similar to A6-A8, and A9 with
positivity constraints on A(-), Ahmad and Francq (2016)
established CAN of the PQMLE when there is no exogenous
variables, and obtained

~ z 1.
Vi (Opomr —6o) o NOZp), Zp= Jp IpJp!

with

_ [ v(00) 9A(80)0M00) _ 1 0A,00)0A,(60)
IP_E(/II;(HO) 000" )and ‘]P_E(A,(HO) o008 )
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One and two-stage WLSE Asymptotic behavior

Efficiency

Comparison with the PQMLE (continued)

Since Ip =16y, w) and Jp = J(0y, w) wWith w = {A,}, we deduce that

The optimal WLSE is never asymptotically less efficient

than the PQMLE

If the conditional variance is well specified, the two-stage
WLSE is asymptotically more efficient than the PQMLE, in the
sense that the matrix Zp —I~! is positive semi-definite.
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One and two-stage WLSE Asymptotic behavior
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Optimality for linear exponential distributions

Recall that the set {F), A € A} constitutes a one-parameter linear
exponential family if for all 1 € A

PX = k) = h(k)e"Wk—a)  peN,

Examples: Fy ~2(A) (then A =¢"), or Fj ~NB(r,p) with
p=rl(A+r) and ris fixed.

Efficiency of the 2WLSE for the exponential family

Assume the MLE is CAN, the distribution of Y; | {1; = A} has the
previous linear exponential form, and 1,(0y) belongs almost
surely to the interior of A. The optimal two-stage WLSE is then
asymptotically as efficient as the MLE of 6.

Aknouche, Francq Time series with equal conditional stochastic and mean orde



Definition
One and two-stage WLSE Asymptotic behavior
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The WLS estimators avoid boundary problems

PQMLE and NBQMLE are CAN under similar assumptions.
However, because of the presence of log (A, (6)), the condition

A:N® x0 —[A,00) for some A >0
is imposed for the QMLE. In the INGARCH(1,1) case
M@ =w+aY,_+PA_1(0),

one has to impose w= A, a =0 and =0. When g, =0 (INARCH
case), A9 is not satisfied. The PQMLE then has a nonstandard
asymptotic distribution (see Ahmad and Francq, 2016).

For the WSLE, it is possible to have A, (0) < 0 for some values of
0, and thus A9 is not really restrictive.
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Data driven choice of the weighting sequence
Monte Carlo experiments
Numerical illustrations Conclusion

MSE-like loss

Selecting the weighting sequence #,, by minimizing in (w,,) the

MSE-like loss
n N 2 n . 2
min " {(¥ -4 - ewp) = Y A=) - el
=1 =1
with 5
2 =2
Cp = N~ )
=1 Wtzyn

does not work very well in practice, certainly because the
existence of high-order moments is required.

The presence of ¢, comes from the fact that the optimal weights
are of the form w, = cVar(¥; | %,_;) with ¢ > 0.
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Data driven choice of the weighting sequence
Monte Carlo experiments
Numerical illustrations Conclusion

QLIKE loss

Inspired by Patton (2011), we thus selected the two-stage

WLSE BE‘WLS of weighting sequence w;, which minimizes the
QLIKE loss
~.2 A 2
n (Y- M) L (Y- )
——— +log(&nWin), =—
; 6‘n"?’t,n g(CnWt,n) I’l; th

In agreement with Patton, we found that the method based on
the QLIKE loss works better than that based on the MSE.
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Data driven choice of the weighting sequence
Monte Carlo experiments
Numerical illustrations Conclusion

Double-Poisson INARCH(3)

N = 1000 replications of length n =500

Table: Bias and RMSE of estimators of the mean parameters

w ar a3

Bias RMSE Bias RMSE Bias RMSE

§pQML 0.836 0.960 -0.011 0.053 -0.039 0.065
§NBQML 1.130 1.294 -0.016 0.069 -0.053 0.089
§1WLS 0.462 0.596 -0.006 0.043 -0.022 0.047
0.851 0.984 -0.013 0.055 -0.039 0.066

1% 1.006 1.200 -0.019 0.070 -0.044 0.080
I%[j 0.248 0.479 -0.004 0.041 -0.012 0.041
0.248 0.479 -0.004 0.041 -0.012 0.041
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Computation time for estimating an INARCH(g)

Sample size n =500

Table: CPU time in seconds

q=3 q==6 qg=12 g=24
Opour  0.0242 0.0452 0.1044 0.3968
Onsour 0.0444 0.0992 0.2398 0.8440
Oiwes  0.0052 0.0064 0.0052 0.0066
é;;’V,}BLS 0.0098 0.0094 0.0134 0.0202
éélwis 0.0092 0.0106 0.0150 0.0198
oy 0.0092 0.0134 0.0146 0.0194
0.0330 0.0384 0.0532 0.0740
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Reliability of the asymptotic theory in finite samples

Sample size n =500

Table: Comparing RMSE to Mean Asymptotic Standard Error
(MASE), and PCT to the nominal level a = 5% for ag; =0 and to 100%
for Bp>0

an Bo
RMSE MASE PCT RMSE MASE PCT

Opomr  0.058 0.077 6.4 0.093 0.103 99.8
Ovpomr 0.059 0.078 6.4 0.094 0.105 99.5
Oiwrs  0.078 0.078 6.7 0.102 0.102 99.6
) 0.076 0.076 6.4 0.099 0.100 99.8
AUWBL 0.078 0.077 6.9 0.103 0.101 99.3

eg’gvgs 0.082 0.082 7.0 0.108 0.108 99.2
03,5 0082 0082 7.0 0.108 0.108 99.2
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Reliability of the asymptotic theory in finite samples

Sample size n =2000

Table: Comparing RMSE to MASE, and (PouCenTage of Rejection)
PCT to the nominal level a =5% for ag; =0 and to 100% for By >0

an Bo
RMSE MASE PCT RMSE MASE PCT

Opomz  0.028 0.038 5.6 0.042 0.048 100
Ovsowr 0.029 0.038 5.8 0.043 0.049 100
Oiws  0.038 0.038 5.9 0.047 0.048 100
géPIW) ¢ 0037 0.038 57 0.046 0.047 100
()0 0.038 0.038 5.7 0.047 0.047 100
ou) 0.041 0.041 59 0.050 0.051 100
0.041 0.041 5.9 0.050 0.051 100
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Conclusion

For positive time series with time-varying conditional mean,
simple stationarity and ergodicity conditions exist under

m the stochactic-equal-mean order condition;
m moment and mixing conditions are also available;

m the multiplicative form of standard ACD-type models is
questionable.
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Conclusion

The WLS estimators do not require the whole knowledge of the
conditional distribution. Compared to the Poisson QMLE or NB
QMLE, the WLSE presents the advantages of

m being of higher efficiency in some situations;

m being asymptotically efficient when the conditional
distribution belongs to the linear exponential family;

m having a standard asymptotic normal distribution even
when one or several coefficients of the conditional mean
are equal to zero;

m being explicit and requiring no optimisation routine for
INARCH models.
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Conclusion

The WLS estimators do not require the whole knowledge of the
conditional distribution. Compared to the Poisson QMLE or NB
QMLE, the WLSE presents the advantages of

m being of higher efficiency in some situations;

m being asymptotically efficient when the conditional
distribution belongs to the linear exponential family;

m having a standard asymptotic normal distribution even
when one or several coefficients of the conditional mean
are equal to zero;

m being explicit and requiring no optimisation routine for
INARCH models.

Thanks for your attention @ '
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Assumptions for consistency of the WLS

This assumption is discussed in the last section:
A1 Strict stationarity and ergodicity of {(Y;,X,),t € N}.
Asymptotic irrelevance of the initial values:

A2 Letting a; = supyee | A 0) - A, 0)], a.s.

limy—oo {SUpgee As (0) + Y; + 1} a; = 0.

Identifiability condition:

A3 1, (0) = 1, (0p) a.s. if and only if 6 = 6.
Asymptotic irrelevance of the initial values:

A4 Almost surely, as t — oo

Iwy —w,|{1 +Y? +supﬂt$(e)} —0.
6e®

Choice of the weight function:
A5 E(W—ll) < oo (with v, = Var (Y, | Zi_1)).
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Extra assumptions for AN of the WLS

A6 The matrices I (0y,w) = 50007

J @, w) = (VLW) exist and J (6o, w) is invertible.
Smoothness of the condition mean and moments:

A7 Almost surely, the function A,(-) admits continuous
second-order derivatives in a neighbourhood V (6y) of 6y, and
we have Ew;! sup {¥,—1,(0)}* < oo,

Information matrices:
( v 04:(60)0A, (00)) and
Wt

HEV(G())
2
0%1:(0) . AN, (0) 01, (0) ‘
Ew ! su <oo, Ew sup ||—————| <oo
t 9€V(I@)0) 00006’ " gevionll 90 00’

Aknouche, Francq Time series with equal conditional stochastic and mean orde



Data driven choice of the weighting sequence
Monte Carlo experiments
Numerical illustrations Conclusion

Extra assumptions for AN of the WLS (continued)

Asymptotic irrelevance of the initial values:
A8 Letting b; = supyeg ||0A; (6) /1060 — 01, (6) 106, the sequences

Y]
bt{YtJrsupl/l,(H)I}, assup A )H
0e® 0eO®
and M )
|w; — Wy | sup d H {Y,+sup|/1t(0)|}
0e® 0e®

are a.s. of order O (t™) for some « > 1/2.
Boundary conditions:
A9 The true parameter 6, belongs to the interior of ©.
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Extra assumptions for two-stage WLSE

Additional assumptions are needed because, contrary to wy,

W, IS NOt F,-measurable.

Let (&) = v* (Yi—1, Xi—1, . Y0, X _1,...;&), SO that i, , = T (&),

and let w; =v; (§y).

A4* There exists g > 0 such that, almost surely, w; > o and

. > o for n large enough. Assume &, is a strongly consistent

estimator of ¢, the function vy (-) is almost surely continuously

differentiable,

ov; (€)
0¢

where K is a positive random variable %#j,-measurable, p € [0, 1),
and V(&) is a neighborhood of {;. Moreover, assume

sup {¥; — 4, (0)}* < oo,
0e®

~% * 1
sup [07(&)—v]()|<Kp' E— sup
EeV(EY Wi geV(g))

Esup|Y;—A:0)° <oo for some s>0.
0e®

Aknouche, Francq Time series with equal conditional stochastic and mean orde



Data driven choice of the weighting sequence
Monte Carlo experiments
Numerical illustrations Conclusion

Extra assumptions for two-stage WLSE (continued)

A6* The matrix / :E( 1 W) exists and is invertible.
A7*= AT + n (&, - &) =0p(1) and
1

E— su
Wi EeV(E)

*
ov;

5 1+ sup {¥;—A0))

QEV(H())

A8*= A8 by replacing [w, —w;| by SUPgev(e:) [T,(&) — v, ()], for
some neighborhood V() of &;.
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Invertibility and identifiability assumptions

q p
M=w+ Z a;Y, i+ Zﬁj)l,_j+zr’X,_1,
i=1 Jj=1

In addition to the previous conditions, assume
m Yy pi<lforallgeo,
mg>0,

q . p .
oy, (2) 1= Z apiz  and By, () :i=1- Z Poiz'
i=1 i=1

have no common root, at least one ag; #0 fori=1,...,q,
and ,6017 Z0if Qpg = 0.

m forall i, Y, | {X,, u<t+hY,u<t is not degenerated,

m 7'X, is not degenerated when 7 # 0.
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Other assumptions

For instance, one can take the weighting sequence
VT/[ = C+aYt_] +va/,_1

withc¢>0,a>0and b€ (0,1).

All the assumptions required for consistency of the WLSE are
satisfied.
If EY; < oo, the assumptions for the CAN are satisfied.

The condition EY} < oo is implied by the stationarity condition
YL a0+ X, foy<1and E|X;|* < o0

m in the Poisson case Y; | %1 ~ ()

m when Y, | %,_1 ~NB(rs,p) With r; = A;p/ (1 -p)
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Moment condition for the NB distribution with fixed r

Consider the INGARCH(1,1) case
Ai(B0) = wo + apYi—1 + PoAs-1(6o).

When Y, | %1 ~ NB(r,p;) With p, = r/(r + A,;) we have EY? < co if

and only if
2

a
(o + o)+ =2 <1,
50

and EY;' < oo if and only if

6a2(ag+ Bo)? a(llag+8By 6at
((X0+ﬁ0)4+ ol&o .60 + 0 0 ﬁO +
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Construction of the stationarity solution

inthe case p=¢g=1

Let (Uy) iid %p,;; and the quantile function F.
Forrez,let Y® =A% =0 when k<0 and, for k>0, let

YR=FuWn M zorar D+ pilVeaTxe
Under the stochastic-equal-mean order condition,
k) _ 4 k=D| _ hk=1) _ 2 (=2)) _ k-1
EPO 28D = (@+ B E(A%D - 2572 = (a+ ) o

It follows that the sequence {ﬂtﬁk)}k converges in L! and a.s to
the stationary solution A,.
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